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1 Introduction 

This is a note of my lectures at "Advanced courses in Foliation" in the research 
program "Foliation", which was held at the Centre de Recerca Mathematica 
in the May of 2010. In this note, we discuss about the relationship between 
deformation of actions of Lie groups and the leafwise cohomology of the orbit 
foliation. 

In early 1960's, Palais |41j proved the local rigidity of smooth actions of 
compact group. Hence, such actions have no non-trivial deformation. In con- 
trast to compact groups, almost all R-actions {i.e., flows) are not locally rigid, 
and their bifurcation is an important issue in the theory of dynamical sys- 
tems. In the last decades, rigidity theory for locally free actions of higher- 
dimensional non-compact groups have been rapidly developed. The reader 
can find examples of locally rigid or parameter rigid actions in many papers 
[SHIiiaillliaiiaiiailTlIiaEQlIMlEaEg some of which we wiU discuss 
about in this article. 

Rigidity problem can be regarded as a special case of deformation problem. 
In many situations, the deformation space of a geometric structure is described 
by a system of non-linaer partial differential equations. Its linearization defines 
a cochain complex, so called the deformation complex, and the space of infinites- 
imal deformation is identified with the first cohomology of this complex. For 
locally free actions of Lie groups, the deformation complex is realized as the 
(twisted) leafwise de Rham complex of the orbit foliation. 

The reader may wish to develop a general deformation theory of locally 
free actions in terms of the deformation complex, like the deformation theory 
of complex manifolds founded by Kodaira and Spencer. However, the leafwise 
de Rham complex is not elliptic, and it causes two difficulties to develop a 
fine theory. First, the leafwise cohomology groups are infinite dimensional in 
general, and they are hard to compute. Second, we can not use the implicit 
function theorem for maps between Banach spaces because of the lack of a 
priori estimate. We will focus on the techniques to overcome these difficulties 
for several explicit examples, instead of developing a general theory. 
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The main tools for computation of the leafwise cohomology are Fourier analy- 
sis, representation theory, and Mayer- Vietoris argument developed by El Kacimi 
Aloui and Tihami. Matsumoto and Mitsumatsu also developed a technique 
based on ergodic theory of hyperbolic dynamics. We will discuss about these 
techniques in Sectional 

For several cases, we can reduce the deformation problem to a linear one 
without help of any implicit function theorem. The first case is the parameter 
deformation of abelian actions. In this case, the problem is a linear one. In 
fact, the deformation space can be naturally identified with the space of infinite 
deformations. The second case is the parameter rigidity of solvable actions. 
Although the problem itself is not linear in this case, we can decompose it to 
the slovability of linear equations for several examples. In Section [SJ we will see 
how to reduce the rigidity problem of such actions to the (almost) vanishing of 
the first cohomology of the leafwise cohomology. 

For general cases, the deformation problem cannot be reduced to a linear 
one directly. One way to describe the deformation space is to apply Hamilton's 
implicit function theorem. Although it needs an estimate on solutions of partial 
differential equations and it is difficult to establish in general, there are a few 
examples for which we can apply the theorem. Another way is to use the theory 
of hyperbolic dynamics. We will give a brief discussion about these techniques 
in Section ini 

The author recommend the readers to read the survey papers [5 and [36] . 
The former contains a nice exposition on application of Hamilton's implicit 
function theorem to rigidity problem of foliations. The second is a survey on 
parameter rigidity prbolem, which is one of the sources of my lecture at the 
Centre de Recerca Mathematica. 

To end the introduction, the author would like to thank the organizers of 
the research program "Foliations" at the CRM who invited me to give a lecture 
in the program. The author is also thankful to the staff of the CRM for their 
warm hospitality. 

2 Locally free actions and their deformation 

In this section, we define locally free actions and their infinitesimal correspon- 
dent. We also introduce deformation of actions and the several cocepts of finite- 
ness of codimension of the conjugacy classes of an action in the space of locally 
free actions. 

2.1 Locally free actions 

In this note, we will work in the C°°-category. So, the term "smooth" means 
"C°°" and all diffeomorphisms are of class C°°. All manifolds and Lie groups 
will be connected. For manifolds Mi and M2, we denote the space of smooth 
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maps from Afi to M2 by C°°(Ai"i, M2). It is endowed with the C°° compact- 
open topology. By T{x), we denote the leaf of a foliation T which contains a 
point X. 

Let G be a Lie group and M a manifold. We denote the unit element of G 
by 1g and the identity map of M by Wm- We say a smooth map p : M x G^M 
is a (smooth right) action if 

1. p{x, 1g) = X for any x G M, and 

2. p{x, gh) = p{p{x, g), h) for any x G M and g,h G G. 

For p G C°°{M X G,M) and g G G, we define a map ps : M^M by p3{x) = 
p{x,g). Then, p is an action if and only if the map g 1-^ p^^ ^ is a homomor- 
phism from G to the group DifF°°(M) of diffeomorphisms of M. By A{M, G), 
we denote the subset of C°°(M x G,M) that consists of actions of G. It is a 
closed subspace of C°°(M xG,M). For p G A°°{M, G) and xgM, the set 

Op(x-) = {p%x) \gGG} 

is called the p-orbit of x. 

Example 2.1. A{M,G) is non-empty for any M and G. In fact, it contains 
the trivial action ptriv, which is defined by ptriv{x,g) = x. For any x G M, 

Let us introduce an infinitesimal description of actions. By X{M), we denote 
the Lie algebra of smooth vector fields on M. Let g be the Lie algebra of G and 
Hom(0, j£(M)) be the space of Lie algebra homomorphisms from g to X{M). 
In this note, we identify g with the subspace of X(G) consisting of vector fields 
invariant under left translations. For p G A{M,G), we define the infinitesimal 
action Ip : g— )-3C(M) associated with p by 

IpiOi^) = 4p(a;,expf^) 
It is easy to see that Ip is an element of Hom(g,3£(M)). 

Proposition 2.2. Two actions pi,p2 G A{M,G) coincide if Ip^ = Ip^- If 

G is sim,ply connected and M is closed, then any I G Hom(g, 3£(M)) is the 
infinitesimal action associated with some action in A{M,G). 

Proof. Take pi, P2 G A{M, G). The curve t Pi{x, exp{t£^)) is the integral curve 
of the vector field Ip. (^) for any i — 1,2, x G M and £, G Q. If /p^ = Ip^ , then 
the uniqueness of the integral curve implies that pi{x, cxp(f^)) = p2{x, cxp(t^)) 
for any x G M, t G and ^ G g. Since the union of one-parameter subgroups 
of G generates G, we have pi = P2- 

Suppose that G is simply connected and M is a closed manifold. Let E be 
a subbundle of T{M x G) given by 

E{x,g) = {(7(0(x),^(5)) e T(,,,)(M x G) | ^ e g}. 
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For any ^, ^' G q, we have 

By Probenius' theorem, the subbundle E is integrable. Let T be the foUation 
on M X G generated by E. The space M x G admits a left action of G by 
g- {x,g') — {x,gg'). The subbundle E is invariant under this action. Hence, we 
have g ■ T{x,g') = F{x,gg'). Since G is simply connected and the foliation J" 
is transverse to the natural fibration tt : M x G^G, we can define a smooth 
map p : M X G-^M so that F{x, Iq) fl 77-^(3) = {{pS{x),g)}. Take x e M 
and g,g' e G. Then, {p^{p^ {x)),g) is contained in J^{p^ (x), 1g)- Applying g' 
from left, it implies that {p^ o pS {x),g'g) is an element of T{p^ {x),g'). Since 
J-(/(a;),ff') = J-(x,1g) and \t {p^' a (x) , g' g)} = J'ix,lG) n n-^g'g) by the 
definition of p, we have p^ o pS (x) = p^ ^{x). Therefore, p is a right action of 
G. Now it is easy to check that Ip = I. □ 

We say that an action p € A{M, G) is locally free if the isotropy group 
{g G G \ pa{x) x} is a discrete subgroup of G for any x G M . By Alf{M, G), 
we denote the set of locally free actions of G on M. Of course, the trivial action 
is not locally free unless M is zero-dimensional. The following is a list of basic 
examples of locally free actions. 

Example 2.3 (Flows). An locally free R-action is just a smooth flow with no 
stationary points. Remark that ^Li?(M, R) is empty if M is a closed manifold 
with non-zero Euler characteristic. 

Example 2.4 (The standard action). Let G be a Lie group, and V, Hhe closed 

subgroup of G. The standard H-action on T\G is the action pr G ^(r\G, H) 
defined by ^(r^, h) = T{gh). The action p is locally free if and only if g~^Hgr\r 
is a discrete subgroup of F for any g G G. In particular, if F itself is a discrete 
subgroup of G, then p is locally free. 

Example 2.5 (The suspension construction). Let M bo a manifold and G be 
a Lie group. Take a discrete subgroup F of G, a closed subgroup H of G, and a 
right action a : M x T^M. We put M x^- G = M x G/{x, g) ~ {a{x, 7"^), 73). 
Then, M x^r G is an M-bundle over F\G. We define a locally free action p of 
iJ on M x^ G by p{[x,g\,h) = [x,gh]. 

We say a homomorphism I : q^3C{M) is regular if /(^)(a;) 7^ for any 
C G 0\{O} and x € M. 

Proposition 2.6. An action p G A{M, G) is locally free if and only if Ip is 
regular. 

Corollary 2.7. For any p G Alf{M,G), the orbits of p form a smooth folia- 
tion. If the manifold M is closed, then the map p(x, •) : G— )-0(x, p) is a covering 
for any x G M, where 0{x,p) is endowed with the leaf topology. 
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Proofs of the proposition and the corollary are easy and left to the reader. If 
M is closed, the set of regular homomorphisms is an open subset of Honi(g, X(M)) 
Hence, Alf{M, G) is an open subset of A{M, G) in this case. 

Let be a foliation on a manifold M . We denote the tangent bundle of by 
TF and X{jF) be the space of vector fields on M tangent to T. Let Alf{F, G) 
be the set of locally free actions of a Lie group G whose orbit foliation is F . 
The subspace Alf{F ^G) of Alf{M,G) is closed and it consists of actions p 
such that Ip is an element of Hom(g, X{F)). 

2.2 Rigidity and deformations of actions 

We say that two actions pi £ A{Mi , G) and p2 £ A{M2 , G) on manifolds Mi 
and M2 are (C°° -) conjugate (and write pi ~ P2) if there exists a diffeomorphism 
h : Ml— )-M2 and an automorphism of G such that p^^^'' o h = ho p\ for any 
g € G. For a given foliation T on M, let Diff(J^) be the set of diffeomorphisms 
of M which preserves each leaf of T, and DifFo(.F) be its arc-wise connected 
component that contains Wm- We say that two actions pi,p2 £ Alf^J', G) are 
(C°° ) parameter- equivalent (and write pi = P2) if they are conjugate by a pair 
(/i, 0) such that h is an element of Diffo(J^). It is easy to see that conjugacy 
and the parameter-equivalence are equivalence relations. 

The ultimate goal is the classification of actions in Alf{M, G) or Alf{^, G) 
up to conjugacy, or parameter-equivalence for given G and M, or J^. Let be 
an action in Alf{M,G) and T be its orbit foliation. We say po is {G°°-)rigid 
if any action in Alf{M,G) is conjugate to po- We say po is {C°°-) parameter 
rigid if any action in Alf{^, G) is parameter-equivalent to po- 

It is useful to introduce a local version of rigidity. We say po is locally rigid 
if there exists a neighborhood U of po such that any action in U is conjugate to 
Pq. We also say po is locally parameter rigid if there exists a neighborhood U 
of Po in A{J^, G) such that any action in U is parameter-equivalent to pc0- As 
we mentioned in the introduction, local rigidity for compact groups actions was 
settled in early 1960's. 

Theorem 2.8 (Palais [41'). Any action of a compact group on a closed manifold 
is locally rigid. 

For non-compact groups, there are many non-rigid actions. So, it is natural 
to introduce the concept of deformations of actions. We say that a family 
(pp)pgA of elements of .4(M, G) parametrized by a manifold A is a C°° family if 
the map p : (x, g, p) 1— Pfj.{x, g) is a smooth map. By Alf{M, G; A), we denote 
the set of G°° family of actions in Alf{M ,G) parametrized by A. Under the 
identification with {p^)pi=/\ and p, the topology of G°°{M x G x A, M) induces 

^ For k a li, let p^. be an action of = M/Z on by p(s, t) = ks + t. It is easy to see 
that pi is locally parameter rigid. Of course, all the orbits of pj, coincides with for any 
A; > 1. However, pj. is parameter equivalent to pi if and only if |A:| = 1 (the mapping degree 
of pk{-,t) must be ±1). So, pi is locally parameter rigid, but not parameter rigid action. 

It is unknown whether any locally parameter rigid locally free action of contractible Lie 
group on a closed manifold is parameter rigid or not. 
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a topology on y^ii?(M, G; A). We say that (/5^)^eA is a (finite dimensional) 
deformation of p G A{M, G) if A is an open neighborhood of in a finite 
dimensional vector space and po ~ P- 

In several cases, actions are not locally rigid, but their conjugacy class is "of 
finite codimension" in Alf{M, G). Here, we formulate two types of finiteness of 
codimension. Let (p^)^ga G Alf{M, G; A) be a deformation of p. We say that 
(p^i)^ieA is locally complete if there exists a neighborhood U of p in Alf{,M, G) 
such that any action in U is conjugate to for some G A. We also say that 
iPfj.)fieA is locally transvers^ if any C°° family in ALFiM,G; A) sufficiently 
close to (/9^)^eA contains an action conjugate to p. Roughly speaking, the local 
completeness means that the space A{M, G)/ ~ is locally finite dimensional at 
the conjugacy class of p. The local transversality means the family (/9^)^eA is 
transverse to the conjugacy class of p at ^ = 0. 

We define analogous concepts for actions in Alf{J', G). Let be a foliation 
on a manifold M. We say that (p^)peA G Alf{M,G; IS.) preserves T if all 
yO^'s are actions in Alf{IF .G). By Alf{IF ,G; A), we denote the subset of 
^Lj7(M, G; A) that consists of families preserving T. We call a deformation 
in ^^^(J^, G; A) a parameter deformation. Let {pfj.)fj.iEA G Alf{J',G; A) be a 
parameter deformation of an action p. We say that (/3^)^gA is locally complete 
in Alf{^, G) if there exists a neighborhood U oi pin Alf{J^, G) such that any 
action in U is parameter-equivalent to p^ for some p E A. We also say that 
iPfj.)fj.eA € ALFiJ^,G; A) is locally transverse in Alf(,IF ,G) if any G°° family 
in Alf{^ ,G] A) sufficiently close to of {p^)fi£\ contains an action parameter- 
equivalent to p. 

3 Rigidity and deformation of flows 

The real line R is the simplest Lie group among non-trivial and connected ones. 
Recall that any locally R-action is just a smooth flow with no stationary points. 
In this section, we discuss about rigidity of locally free R-actions as a model 
case. 

3.1 Parameter rigidity of locally free M-actions 

Parameter rigidity of a locally free R-action is characterized by the solvability 
of a partial differential equation. 

Theorem 3.1. Let po be a smooth locally free R-action on a closed manifold M 
and Xq the vector field generating po . Then, pQ is parameter rigid if and only 
if the equation 

f = Xog + c. (1) 
admits a solution {g,c) G G°°(Af,M) x R for any given f G G°°(A/,R). 

The above equation is called the cohomology equation over po- 

^ This terminology is not common. Any suggestion of a better terminology is welcome. 
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Proof. First, we suppose that po is parameter-rigid. Let T be the orbit fohation 
of Po and take / G C°° (M, R) . Since M is closed, /i = / + ci is a positive 
valued function for some ci > 0. Let p be a flow generated by the vector field 
(l//i)Xo. By the assumption, there exists h G Diffo(-7-") and C2 € R such that 
^•=2* o h = h o Pq. The diffeomorphism h has the form /i(a;) = p~9i^) with some 
C°°(M,M). So, we have 



for any x £ M, and hence, Xq = (c2 + Xog)X. Since Xq — fiX, it implies 
/i = C2 + ^0.9- Therefore, the pair {g, C2 — ci) is a solution of ([T|). 

Next, we suppose Equation ([1} can be solved for any pair (g, c). Take an 
action p e Alf{^)- Let X be the vector field generating p and / be the non- 
zero function satisfying f ■ X — Xq. By assumption. Equation ([T]) has a solution 
{g, c) for /. Since / is non-zero and Xog{x) = for some x G M, we have 0. 
Put — p~3^^\ Then, we have p'^* o h = ho p^. Since the maps t Pq{x) 
and i i— ?> p'^*'{h{x)) — h{pQ{x)) are covering maps from M to for any a; € M, 
the map /i is a self-covering of M. Since h is homotopic to the identity, the map 
h is a diffeomorphism. Therefore, p is equivalent to pQ. □ 

We say that a point x e M is a periodic point of a locally free flow p € 
ylLF(M,M) if p^{x) = x for some T > 0. The orbit of x is called a periodic 
orbit. A point x is periodic if and only if the orbit 0{x, p) is compact. 

Corollary 3.2. Let p be an action in Alf{M,R). Suppose that p admits two 
distinct periodic orbits. Then, p is not parameter rigid. 

Proof. By the assumption, there exists xi,X2 G M and Ti,T2 > such that 
0{xi,p) 7^ 0{x2,p) and p'^^{xi) = Xi for each i — 1,2. Choose a smooth 
function / such that / = on 0{xi,p) and / = 1 on 0{x2,p). Then, there 
exists no solution of ([T]) for /. In fact, if {g, c) is a solution, then we have 



for any x G M and T > with p^{x) = x. However, the left-hand side should 



There is a classical example of a parameter rigid flow. For iV > 1, we denote 
the TV-dimensional torus M^/Z^ by T^. For v e M^, we define a linear flow 
Ry on by Rl{x) — x + v. The vector field X^ corresponding to is a 
parallel vector field on T^. 

We say that v E M.^ is Diophantine (or badly approximable) if there exists 
r > such that 

inf \{m,v)\ ■ llmir > 0, 
mez"\{o} 

where (,) and || • || are the Euclidean inner product and norm on M^. When 
V is Diophantine, we call the flow Ry a Diophantine linear flow and its orbit 
foliation a Diophantine linear foliation. 



pI{x) = p''''+s°Po(^'^~s^^\x) 




be or 1 for x — xi or X2. 



□ 
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Theorem 3.3 (Kolmogorov) . The cohomology equation |ip over a Diophantine 
linear flow on admits a solution for any f e C°°(T^,M). In particular, any 
Diophantine linear flow is parameter rigid. 

Proof. Take the Fourier expansion 

/(x) = ^ ajnexp{2TT{m,x)y/^) 

of /. Since / is a smooth function, we have 

sup ||mf |a™| < oo (2) 

for any fc > 1. 

Fix a Diophantine vector v € M.^ . Put bo = and 

^ 

27r(m, 

for TO 7^ 0. Then, 

g{x) ^ X! ^mexp(27r(m, 

is a formal solution of / = ^t)<7 + oq. Since v is Diophantine, there exists r > 
and C > such that < C||TO||'^|am| for any to e Z^. By Equation ([2]), we 
have 

sup |!TO|j''|6„i| < oo 

mGZ" 

for any fc > 1. It implies that 5 is a smooth function. □ 

Diophantine linear flows are the only known examples of non-trivial param- 
eter rigid flows. 

Conjecture 3.4 (Katok). Any parameter rigid flow on a closed manifold is 
conjugate to a Diophantine linear flow. 

Recently, some partial results on the conjecture are obtained. 

Theorem 3.5 (F.Rodrigues-Hertz and A.Rodrigues-Hertz [H]). Let M be a 

closed manifold with the first Betti number bi. If p € Alf^M^M.) is parameter 
rigid, then there exists a smooth submersion tt : M— J-T''^ and a Diophantine 
linear flow Ry on T^i such that nop* = i?* O TT . 

In particular, if bi = dimAf, then M is diffeomorphic to T^'^ and p is con- 
jugate to a Diophantine linear flow. 

Theorem 3.6 (Forni [T^, Kocsard [3Ij, and Matsumoto [STj). Any locally free 
parameter rigid flow on a three-dimensional closed manifold is conjugate to a 
Diophantine linear flow on T^. 
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3.2 Deformation of flows 



There is no known example of a locally rigid flow and it is almost hopeless to 
find it. 

Proposition 3.7. If p € ALpiM^M.) is locally rigid, then there exists a neigh- 
borhood U of p such that no p' admits a periodic point. 

Proof. Let U be the conjugacy class of p. Since p is locally rigid, it is a neigh- 
borhood of p. For p' e Alf{M,R), put 

A(p') = {det Dpi \ xeM,T eR, {x) = x}. 

It is invariant under conjugacy. Hence, A(p') — h.(p) for any p' e lA. 

By the Kupka-Smale theorem (see e.g.^ [13])) the set U contains a flow with at 
most countably many periodic orbits. It implies that p admits at most countably 
many periodic orbits, and hence, A(p) is at most countable. However, if A(yo) is 
non-empty, then small perturbation on a small neighborhood of a periodic orbit 
can produce a flow p' €U such that A(p') ^ A(p). □ 

It is unknown whether any open subset of Alf{Mj K) contains a flow with a 
periodic point or not. On the other hand, any open subset of the set of flows 
[with -topology) contains a flow with a periodic point. It is just an immediate 
consequence of Pugh's C^-closing lemma [42]. The validity of the C°°-closing 
lemma is a long-standing open problem in the theory of dynamical systems. 

The following exercise shows that it is hard to find a locally complete defor- 
mation of a flow. 

Exercise 3.8. Suppose that a flow p E Alf{M,M.) admits infinitely many 
periodic orbit. Show that any deformation {pp,)i_ieA of p is not locally complete. 

On the other hand, the Diophantine linear flow admits a locally transverse 
deformation. 

Theorem 3.9. Let v £ M.^ be a Diophantine vector and E C be its orthog- 
onal complement. Then, the deformation {Ryj^^)^<^E of Ry is locally transverse. 

The theorem is derived from the following result due to Herman. Fix N > 2 
and a point a;o G T^. Let Diff(T^,a;o) be the set of difFeomorphisms of 
which fix xq. 

Theorem 3.10 (Herman). Suppose v G is Diophantine. Then, there exists 
a neighborhood U of mX(T^), a neighborhood V of IdfN m Diff (T''^, xq), and 
smooth map w : Z^/— which satisfy the following property: For any Y £ lA, 
there exists a unique diffeomorphism h £ V such that Y — ft,*(Xi,) + Xyj(^Y)- 

Proof. We give only a sketch of proof here. See e.g., [T] for details. We define 
a smooth map $ : Diff(T^,a;o) x ]R^^X(T^) by {h,w) ^ h*{Xy) + X^. The 
theorem is an immediate consequence of the Nash-Moser inverse function the- 
orem if we can apply it to $ at {h,w) = (IdxN,?;). The Nash-Moser inverse 
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function theorem requires the existence of the inverse of the differential D$ not 
only at one point but also on a neighborhood. It is possoble to show -D<i>(id^„ 
is invertible if Equation ([1]) can be solved for any /. Moreover, the solvability 
of (U) implies that is invertible at any point close to (IdT«,u). Hence, we 
can apply the Nash-Moser inverse function theorem. □ 

Proof of Theorem \3.9{ Let U, V, and w be the neighborhoods and the map in 
Herman's theorem. For p G „4(T^,R), we denote the vector field generating p 
by Yp Take neighborhoods J7 of in S and W of {Rv+,,),,eE m Alf{T^ E), 
and a constant S > such that (1 + c)Yp^^ g U for any {p^i)^ieE G VV, /x S f/, 
and c e (-(5,(5). For {pi_i)peE e W, we define map "^{p^) : U x {-5,5)^^.^ 
by ^(•p^j(/x,c) = w{{l + c) • Yp^). It is a smooth map and smoothly depends 
on {pp)p£E- By the uniqueness of the choice of /i S Diffo(T^) in Herman's 
theorem, we have ^'(/j^^^) (/i, c) = (1 + c)p + cv. In particular, '^{r^_^^) is a 
local diffeomorphism at (/x,c) = (0,0). Now, the usual inverse function theo- 
rem implies that if {pp)p,eE is sufficiently close to (i?„+^)^gE then there exists 
{fi^,c^) € U X {—S,S) such that ^'(p^j (/u*, c*) = 0. Hence, ther exists ft.* € V 
which conjugates Ry with pp^ . □ 

The above family {Ry-f-p)p^E is the best possible in the following sense. 

Exercise 3.11. Let {pp)peA G ylLF(T^,K;A) be a deformation of Ry for 
V e M^. Show that if the dimension of A is less than iV — 1, then (pp)peA is 
not a locally transverse deformation. 

4 The leafwise cohomology 

As we saw in the previous section, the cohomology equation plays an important 
role in the rigidity problem of locally free R- actions. For actions of general Lie 
groups, the solvability of the equation is generalized to the almost vanishing of 
the first leafwise cohomology of the orbit foliation. In this section, we give the 
definition of the leafwise cohomology and show some of its basic properties. We 
also compute the cohomology for several examples. 

4.1 The definition and some basic properties 

Let be a foliation on a manifold M. As before, we denote the tangent bundle 
of J" by TT. We also denote the dual bundle of TT by T*T. For A: > 0, let 
fl''{T) be the space of smooth sections of /\^T*F. Each element of is 
called a leafwise k-form. 

By Frobenius' theorem, if X, F e X(J^), then [X, Y] e Hence, we can 
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define the leafwise differential djr : fl'^ (T) by 

0<i<k 
0<i<j<k 

for Xq,--- ,Xk £ X{J-). Same as the usual exterior differential, the leafwise 
differential satisfies d'p'^od'^ = 0. For fc > 0, the k-th leafwise cohomology group 
H^{F) is the A;-th cohomology group of the cochain complex {Q.* {F) , djr) . 

Example 4.1. H^{F) is the space of smooth functions which are constant on 
each leaf of F. Hence, if F has a dense leaf, then H^{F) ~ R. 

Example 4.2. Suppose that is a one-dimensional orientable foliation on a 
closed manifold M. Let Xq be a vector field generating F. Take S Vi^{F) 
such that a;o(^o) = 1- Then, we have djrg = {Xag) ■ for g G ^^{F) — 
C°°{M, M). Since d]p is the zero map, the cohomology equation ([IJ is solved for 
any / S C°°(M,M.) if and only if H^{F) ~ K. In this case, [ujq] is a generator 
ofH^iF). 

There are two important homomorphisms whose target is -ff * (F) . The first is 
a homomorphism from the de Rham cohomology group. Let ^l''{M) and H'^ (Af ) 
be the space of (usual) smooth /c-forms and the k-th de Rham cohomology group 
of M. By Frobenius' theorem, the restriction of a closed {resp. exact) fc-form 
to ®^TF defines a djF-closed ( resp. exact) leafwise A:-form. So, the restriction 
map r : ^^{M)^^^{F) induces a homomorphism : H^{M)^H^{F). 

The second is a homomorphism from the cohomology of a Lie algebra when 
F is the orbit foliation of a locally free action. Let us recall the definition of 
the cohomology group of a Lie algebra. Let g be a Lie algebra. For A: > 0, we 
define the differential d^ : A'^g*— )• A*+^ g* by = and 

0<i<j<k 

for A: > 1 and ^o, • ' ' G £1- The fc-th cohomology group H''{g) is the fc-th 
cohomology group of the chain complex {A*g* ,dg). 

Exercise 4.3. H^{q) is isomorphic to 0/[fl,0]. 

Suppose that F is the orbit foliation of a locally free action p of a Lie group 
G. Let be the Lie algebra of G and Ip e Hom(0, X(A/)) be the infinitesimal 
action associated with p. Then, Ip induces a homomorphism Lp : A*g*^Cl*{F) 

by 

for any a E a'^q* , ■ ■ ■ ,£,k & Q, and x G M. Since the map Lp commutes with 
the differentials, it induces a homomorphism (t^)* : H* {g)^H* (F). 
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Proposition 4.4. The homomorphism (tp)* : H^{q)^H^{T) between the first 
cohomology groups is injective when M is a closed manifold. 

Proof Fix a G Kcr such that (tp)* ([a]) = 0. Then, there exists g e C°° (M, R) 
such that tp(a) = djrg. For ^ G g, let $j be the flow on M generated by /p(^). 
For any ^ e g, T > 0, and x £ M, 

a(0-T= / Lp{a)=go<i>J{x)-gix). 

J {'l>l{x)}o<t<T 

Since the last term is bounded and T is arbitrary, we have a(^) = for any 
^ e g. Therefore, a = 0. □ 

Example 4.5. Let be the orbit foliation of a Diophantine linear flow i?„ on 
T^. By Theoreni l3.3l H^{F) is isomorphic to M. The above proposition implies 
that H^{F) is generated by the dual Wt, of the constant vector field X^. The 
form cj„ is the restriction of a usual 1-form. So, H^{T) = Imt, = Imr,. In 
particular, the map is not injective for N > 2. 

The vanishing of the first leafwise cohomology of the orbit foliation implies 
the existence of invariant volume. 

Proposition 4.6 (dos Santos [46]). Let G be a simpy connected Lie group and T 
be a foliation on an orientable closed manifold M. If H^{T) ~ H^(g), then any 
p £ ALpiJ^^G) preserves a smooth volume, i.e. there exists a smooth volume v 
on M such that {p^Yv = v for any g £ G. 

Proof. Fix an action p E Alf{^ ,G) and a smooth volume form v on M. We 
define a leafwise one-form uj E ^^{J^) by Cxi^ = ^{X) ■ v for any X E X(J^). 
Then, 

[dru:[X, Y))-v = {X- - Y ■ uj{X) - Y\)}v 
^ CxiCyv) - Cy{Cxv) - C{X.Y\V 
= 

for any X,Y E J(J^). Since H^{J^) = Im(tp)* by assumption and Proposition 
14.41 there exists a smooth function / on M and a E Q* such that w = bp{a)+djrf . 
Define a new volume form Vf on M by Vf — e~^ ■ v. It satisfies 

i^ipii))"! = '^p(")(^p(0) • I'/ = "(0 • 

for any ^ E g. Since M is a closed manifold, a(^) must be zero. It implies that 
p preserves the volume Vf. □ 

Remark that the converse of the proposition does not hold. In fact, there 
is an easy couterexample. The linear flow associated with a rational vector 
preserves the standard volume of the torus. However, the first leafwise coho- 
mology of the orbit foliation is infinite dimensional since all points of the torus 
are periodic. 
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4.2 Computation by the Mayer- Vietoris argument 

Let T he a. foliation on a manifold M. By we denote the restriction of 
to an open subset U of M. More precisely, the leaf {J^\u){x) is the connected 
component of T{x) D U which contains x. For A: > 0, we define a sheaf fi^ and a 
pre-sheaf by n'^{U) = n''(T\u) and H^(U) = H''{T\u). For open subsets 
Ui and U2 of M, we can show the Mayer- Vietoris exact sequence 

• • • ^ H^{UiUU2) ^ H^{Ui)(SH^{U2) ^ H^{UinU2) ^ H^+\UiUU2) ^ • • • 

as the usual de Rham cohomology. 

Let us compute the leafwise cohomology of several foliations of suspension 
type, using the above exact sequence. Let be a foliation on a manifold M. 
Suppose that a diffeomorphism h oi M satisfies h{F{x)) = F{h{x)) for any 
X e M. By Mh, we denote the mapping torus M x ]R/(a;, t + l) ^ {h{x),t). The 
product foliation x R on M x R induces a foliation Th on Mh- The foliation 
jFh is called the suspension foliation of J-. 

Take an open cover Mh = U1LSU2 such that Ui = M x (0, 1) and U2 — M x 
(—1/2, 1/2). Then, the natural projection from Ui to M induces an isomorphism 
between H*{J^) and H^,{Th). Similarly, H^^^jj^{Fh) is naturally isomorphic to 
H*{T) © H*{T). Under these identification, the map i* is given by i*{a,b) = 
{a-b,a- h*{b)) for (a, b) € H*{T) ® H*{T). Hence, we have 

KcTi* ~ Ker(/- /i*), ImT ~ ® Im(/ - /i*). 

The Mayer- Vietoris exact sequence implies 

H*{Th) ^ Keii* ® Imd*-^ ~ Keri* ® [H*-\T) ® iJ*-i(J')]/Imr-i. 

Therefore, 

~ Ker(/ ~ h*) ® [i7(*-i)(J-)/Im(/ - /t^*-!))]. (3) 

We compute H^{Th) for two explicit examples. The first is a direct general- 
ization of Theorem 13. 31 Suppose that vi, ■ ■ ■ ,Vq G are linearly independent. 
We define the linear action p e yl(T^,]RP) by p^^^''-' '^^^x) = x + X;Li*^"^- We 
say the action p is Diophantine if there exists r > such that 

inf ^ ^ - • ,(m,Wfc))|| • ||m|r > 0. 

mGZ"\{0} 

Its orbit foliation is called a Diophantine linear foliation. 

Theorem 4.7 ([M], see also j2l). Let F he a p- dimensional Diophantine lin- 
earfoliation on T^. Then, H*{T) ~ 7J*(TP). 

Proof. Proof is by induction of p. The case p = 1 is a consequence of Theo- 
rem [3i3] and Example 14.11 Suppose that the theorem holds for p — 1. Let T 
be a p-dimensional Diophantine linear foliation on T^. Then, there exists a 
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{p — l)-dimensional Diophantine linear foliation J^' on T''^"^ such that Tp is 
diffeomorphic to the suspension foliation of by a translation h of T^. By 
the assumption of induction, H*{jF') = Im(ip/)*. Since the translation h pre- 
serves each element of Im Lpi , the map /i* is the identity map. By ([3]) and the 
assumption of induction, 

Therefore, H*{F) ~ H*{V). □ 

Another example is the suspension of the stable foliation of a hyperbolic toral 
automorphism. Let A be an integer valued matrix with detA = 1. We define a 
diffeomorphism Fa on by Fa{x + 7?) = Ax + 71? . Suppose that eigenvalues 
A, A"^ of A satisfies A > 1 > A^^ > 0. Let E'^ be the eigenspace of A~^ and 
be the foliation on given by T^(x) ^x + E". Since FAiT'ix)) = 
the foliation J^* induces the suspension foliation J-'a on the mapping torus Ma- 

Theorem 4.8 ([H]). H^{Ta) ^ M. 

Proof. It is known that J-"'* is a Diophantine linear foliation. So, we have 
H°{J^'^) ~ H'^{F^) ~ M. By a direct computation, we can check that = 
/ on H^{J^') and FX ^ ■ I on H^iF"). The isomorphism Q implies 
i7i(J"«)~R. □ 

El Kacimi-Alaoui and Tihami also computed the first leafwise cohomology 
group for the suspension foliation of higher dimensional hyperbolic toral auto- 
morphisms. See |14| . 

As the usual de Rham cohomology, the Mayer- Vietoris sequence is gener- 
alized to a spectral sequence. Let U — {Ut} be a locally finite open cover of 
M . By the same construction as the Cech-de Rham complex (see e.g., [5]), we 
obtain a double complex {C*{U, f^Jr), djr, S), where 

cp{u, f]^) = .^^^n^u,, n • • • 

and 5 : C*{14, r^Jr)— >C*+^(Z^, iljr) is a natural linear map induced by inclusions. 
Moreover, we can show that the sequence 

is exact. The following theorem is proved by the standard method. 

Theorem 4.9 (El Kacimi Alaoui and Tihami [14]). There exists a spectral 
sequence {Ep*} such that Ef''^ = Cp{U,H%), E^'" = HP{U,H^), and {E;^*} 
converges to H*{F). 

You can find several applications of the spectral sequence in [T3] . 
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4.3 Other examples 

In this subsection, we give several examples of foliations whose first leafwise 
cohomology is computed by other methods. 

Fix p > 1 and a cocompact lattice T of + 1, R). Put Mr = T\SL{p + 
IjM). By A, we denote the subset of SL{p + 1,M) that consists of positive 
diagonal matrices. It is a closed subgroup of SL{p + 1,R) isomorphic to R^. 
The Weyl chamber flow is the action p S ALF{Mr, A) given by p{Tx,a) ~ T{xa). 
Let Ap be the orbit foliation of p. 

Theorem 4.10 (Katok and Spatzier If p > 2, H^Ap) ~ R^. 

The key features of the proof are the decay of matrix coefficient of the regular 
^^-representation and the hyperbolicity of A-action. Remark that Katok and 
Spatizer proved a similar result for a wide class of Lie groups of real-rank more 
than one. 

As an application of the above theorm, we compute another foliation on 
Mr. Let P be the subgroup of SL{p -I- 1, R) that consisting of upper triangular 
matrices with positive diagonals. It naturally acts on Mr from right. Let J-p 
be the orbit foliation of this action. 

Theorem 4.11. If p > 2, H^{Fp) ~ W. 

Proof. Let Eij be the square matrix of size {p + 1) whose (i, j)-entry is one 
and the other entries are zero. For i, j = 1, ■ • • ,p -f 1, we define flows $.y and 
*y on Mr by ^'^(r^) = Tge^tiEu - E,,)) and %{Tg) = YgQ^^itE,,)). 
Let Xij and Yij be the vector fields on Mr which correspond to $ij and VPy , 
respectively. Remark that Ap is generated by Xij 's and Tp is generated by Xij 's 
and YijS with i < j. 

Take a djTp-closed 1-form oj E 17^ (Jp). The restriction of ft to TAp is dj,^- 
closed. By Theorem l4T0l there exists h e C°°{Mr,M) such that (w - dh){X,j) 
is a constant fimction for any i, j = I, ■ ■ ■ ,p + 1. 

We put uj' = Lu + dh and show uj'{Yij) = for any i < j. Fix i,j,k = 
1, • • • ,p-t-l so that i < j and k ^ Since [Xik,Y,j] = Yij and djr^{Xik,Yij) = 
0, we have X,fc(a;'(yy )) = uj'(Y^j). It implies that uj'{Yij){<^l{x)) = e* -u' {Yij){x) 
for any t € R and x G Mr- By the compactness of Mr, u!'{Yij) is constantly 
zero. Therefore, any djr^-closed 1-form is cohomologous to the constant form 
which vanishes at Yij for any i < j. □ 

For p = 1, the Weyl chamber flow is an R-action, and it is naturally identi- 
fied with the geodesic flow of a two-dimensional hyperbolic orbifold. It admits 
infinitely many periodic points and hence, II^{Ai) is infinite dimensional. By 
contrast, the following theorm asserts that H^{J-i) is finite dimensional. Let pr 
be the natural right action of P on r\S'iy(2,R). We denote the Lie algebra of 
SL{2,R) by slaW- Let Lp^ : 7Ji(s'2(K))^i^H-^r) and : H^{M)^H^{Fr) 
be homomorphisms defined in Section [4. II 
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Theorem 4.12 (Matsumoto and Mitsumatsu [3S]). The map 



is an isomorphism. 

Kanai [2T) prove the corresponding result for general simple Lie groups of 
real-rank one. In the both results, the key feature of the proof is the hyperbol- 
icity of A-subaction. 

For the above examples, the hyperbolic behavior of the ^-action is funda- 
mental to the computation of the leafwise cohomology. In the last example 
below, the action has no hyperbolic nature and the leafwise cohomology is com- 
puted by purely representation-theoretic method. Let F be a cocompact lattice 
of SL(2, C) and put 



for 2 e C. We define an action p e ALF(r\SL{2, C),C) by p{Tx,z) = T{xu{z)). 
Let be the orbit foliation of p. 

Theorem 4.13 (Mieczkowski [39 ). The image of dP-p is a closed subspace of 
Kerd^ and there exists a subspace H o/Kerc?^ such that H ~ H^{M) and 

Ker d]r = Im d^r ® Im bp © H. 

In particular, H^{T) H^{M). 

5 Parameter deformation 

Now, we come back to the study of the deformation of locally free actions. In 
this section, we discuss about the parameter rigidity and the existence of locally 
complete orbit-preserving deformations. 

5.1 The canonical one- form 

Let G be a simply connected Lie group and g be its Lie algebra. To simplify the 
presentation, we assume that G is linear, i.e., a closed subgroup of GL{N,'U) 
with some large iV > 1. Then, each element of g is naturally identified with a 
square matrices of size N . 

Fix a foliation on a closed manifold M . A g-valued leafwise 1-form oj € 
^^(^) (8 is called regular if ijjx : T^J-^Q is a linear isomorphism for any 
X e M. Since the infinitesimal action Ip associated with p € Alf{^ tG) is 
regular, i.e., the map {Ip)x ■ Q^T^T is an isomorphism, it induces a regular 
1-form LUp € rt^{J-) g by {u!p)x ~ {Ip)x^ ■ We call LUp the canonical 1-form of 
P- 
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Lemma 5.1. Let ^i, • • • be a basis of g and ai, ■ ■ ■ ,ap be its dual basis of 
g* . Then, we have 

p 

i=l 

where bp : q*'^Q}{J-) is the homomorphism defined in Section\4-.l\ 



Proof. For ^ — J2^=i '^iii^ have ujp{{Ip)x{^)) — ^ hy definition. On the other 
hand, 

p p p 

i—1 i—1 

□ 

The group of autoniorpliisnis of G acts (from left) on Alf{J^,G) by (6 • 

Exercise 5.2. Show cje-p = Q*<Up, where 0* : g— >g is the differential of Q. 

The following proposition characterizes the canonical 1-form. 

Proposition 5.3. A Q-valued leafwise 1-form ui G Q,^{J-') q is the canonical 
1-form of some action in Alf{J', G) if and only if it is a regular 1-form which 
satisfies the equation 

djrUJ + [uj,uj] = 0, (4) 

where [w, w] is a Q-valued leafwise two-form defined by [w, uj\x{v, w) — [uj{v),lo{w)] 
for v,w Cz TxJ-. 

Proof. Fix a basis ^i, • • • oi g. Let {c*j} be the structure constants of g, i.e., 

Take a regular 1-form w e ^^{J^) <E) g. Let Xi be a nowhere- vanishing vector 
field in X(J^) given by Xi{x) ~ uj^^{£_i). Then, 

{d^cu + [uj,Lo]){X„X,) = X,{io{X,)) - X,{lu{X,)) - Lu{[X„Xj]) + [io{X,),io{X,)] 
= -u;{[X„X,]) + J24^k 



([X„X,]) + ^4c.(Xfe) 

k 



k 

Since lu is regular, djru -\- [w , w] = ii and only if = '^k'^ij-^k for any 

i,j. The latter condition is equivalent to that the linear map i— >■ is a 

homomorphism between Lie algebras. Hence, dj^uj -\- [u},u}] = if and only if 
there exists p e Alf{J^,G) such that Ip{^i) — Xi, equivalently, ujp{Xi{x)) = 
= uj{Xi{x)) for any i. □ 
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The following proposition describe how the canonical l-form is transformed 
under parameter-equivalence of actions. We denote the constant map from M 
to {Ig} by ftiQ. 

Proposition 5.4. An action p G Alf{^,G) is equivalent to po if and only if 
there exists a smooth map b : M^G homotopic to bi^ and an endomorphism 
G : G^G such that 

ojp = b~^ ■ e,[jp„ • b + b'^djrb. (5) 

To prove the proposition, wc need to introduce cocycles over an action. Let 
H bo another Lie group and () be its Lie algebra. Fix an action po G ^lf(-^, G). 
We say that a G C°^{M x G, H) is a (H -valued) cocycle over po if a{x. la) = 1h 
and a{x,gg') — a{x,g) ■ o^Pq^x), g') for any x G M and g,g' S G. For a cocycle 
a, we define the canonical l-form cOa € fl^{J^) f) of a by 

{LJa)x{X) = ^a{x,expt{ujp^)x{X))\t=o. 

Lemma 5.5. Two cocycles ai and 02 over po coincide ifojai = Was- 

Proof For i = 1,2, we define : M x H x G^M x H hy ^i{{x,h),g) = 
{pQ{x),h ■ a{x,g)). It is easy to see that $i is a locally free action and 

U.iOix,h) = {Ip,ix),h-u,,{Ip,{^){x))) eT,Mxh-t,c^ T(.,g){M X H). 
If = Was, then $1 = $2- It implies a\ = a2- □ 
Each action in Alf{^, G) defines a G- valued cocycle naturally. 

Lemma 5.6. For any p € Alf{^ tG), there exists a unique G-valued cocycle 
a over po which satisfies p{x, a{x, g)) = pQ{x,g) for any x G M and g G G. 
Moreover, a{x,-) : G^G is a diffeomorphism for any x G M and oja is equal to 
the canonical l-form of p. 

Proof. For any x S M, the maps po{x, ■),p{x, ■) : G^J-{x) are coverings with 
Po{x,1g) = p{x,1g) = X. Since G is simply connected, there exists a unique 
diffeomorphism of G such that ax{g)) = Po{x, <?)■ Put a{x, g) — a^ig). It 
is easy to see that the map a satisfies p{x, a{x, gg')) = p{x, a{x, g)-a{po{x, g),g')). 
By the uniqueness of ttx, we have a{x,gg') = a{x,g) ■ a{po{x,g),g'), and hence, 
a is a cocycle. 

Take the differential of the equation p{x,a{x,ex.p{t^))) = po{x,ex.p{tS,)) at 
t = for ^ eg. Then, we have Ip{oJa{Ipo{0)) — ^poiO- Since Ip^ is regular and 
{oJp)x = {Ip)x^, we have uia = cOp. □ 

Lemma 5.7. Let pi and p^ be actions in Alf{^ ,G), h a diffeomorphism in 
Difi:o(J^), and 9 an endomorphism of G. If pf^^^ o h = ho pf for any g € G, 
then h is a diffeomophism and is an automorphism. 
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Proof. If the differential 8* : 0—^0 is not an automorphism, then h{F{x)) = 

{p^^^\h{x)) I 5 S G} is a strict subset of F{h{x)) — F{x) by Sard's theorem. 
Since h is homotopic to the identity, it is surjective. It imphes that h(J-(x)) = 
J-{x) for any x G M, and hence, 0* must be an automorphism of g. Since G is 
simply connected, Q is an automorphism of G. 

The maps pi{x, •) and h o pi{x,Q{-)) — p2{h{x), •) are covering maps from 
G to F{x). It implies that /i is a self-covering of M . Since h is homotopic to 
the identity, /i is a diffeomorphism. □ 

Now, we are ready to prove Proposition [531 

Proof of Proposition \5^\ For an endomorphism Q : G^G and 6 € C°°{M,G), 
we define a cocycle ab^e over po by ab,eix,g) = b{x)~^ '©(ff) '^(Pol^))- Let ojfc^e 
be its canonical 1-form. By a direct calculation, we have 

t^b.e = 6^^6*Wp(,6 + b^^djrb. 

Suppose that p is equivalent to po- Let h a diffeomorphism in Diffo(J-') and 
G an automorphism of G such that o h = ho p^[x) for any g £ G. Since 

/i is homotopic to Wm through diffeomorphisms preserving each leaf of we 
can take a smooth map b : M^G homotopic to 61^, such that h{x) = . 
Then, /(^)"'«^(9)(a;) = p^^^'o o and hence, /9o(a:,5) = p{x,ab,e{x,g)). 

By Lemma [5^ the cocycle Op corresponding to p is equal to af,,e- It implies 
cjap = (^6, 01 and hence, = 6~"'^0*ajp(,6 + b~^djrb. 

Suppose that the equation ([5]) holds for some Q and b. Since uja^ = LUp ^ 
uJb^Q, the cocycle Op corresponding to p coincides with af,^e- It implies that 
p{x,ab^e{x,g)) — po{x,g). Put h{x) = p'''^^^ \ Then, we have p®^^' o /i = /lop^. 
By Lemma 15.71 Q is an automorphism and h is a diffeomorphism. □ 

The above interpretation in terms of leafwise 1-form can be done for general 
cocycles. 

Proposition 5.8 (Matsumoto and Mitsumatu [38^). Let G,H be simply con- 
nected Lie groups and q, [) be their Lie algebras. Let po be a locally free action 
of G on a closed manifold M and JF be the orbit foliation of po . 

1. A 1-form UJ G fl^{J-)(^t} is the canonical 1-form of some H -valued cocycle 
over Pq if and only if djrui -|- [a;, w] = 0. 

2. Let ai,a2 be H-valued cocycles over pQ, b : M^H be a smooth map ho- 
motopic to bifj, and O be an endomorphism of H . Then, the equation 

a2{x,g) = b{xy^ ■ Q{ai{x,g)) ■ b{p^Q{x)) 

holds if and only if 

= 6"^(6,WaJ6 + b^^djrb, 
where uia^ is the canonical 1-form of the cocycle Oi. 



19 



We can extend Propositions 15.31 and 15.41 to the case that G may not be a 
hnear group. In this case, 6^^(8,a;po)6 is replaced by the adjoint Kdb-iQ^^iOro, 
and h~^djrb is replaced by the pull-back h*9G of the Maurer-Cartan form 9 a & 
ri^(G) ® Q, where Oai^ix)) = ^ for any ^ e Q. 

5.2 Parameter deformation of M^-actions 

Let M be a closed manifold and J- a foliation on M. Recall that the first 
cohomology group of as a Lie algebra is R^. Let p be an action in Alf{J^, MP), 
ip : MP^n^(T) is the natural homomorphism induced by Ip, and ujp be the 
canonical 1-form. Since Im(/,p)» ~ R^", Lemma |5. II implies 

Im(tp), (g) = {9,ajp | 8 is a endomorphism of G}. 

Identify the abelian group R^ and the group of positive diagonal matrices of 
size p and apply Propositions 15.31 and 15.41 for R^'-actions. Then, we obtain the 
following correspondence between actions in A{J^,W) and R^-valued leafwise 
1-forms. 

Proposition 5.9. A MP -valued leafwise 1-form is the canonical 1-form of an 
action in Alf{J^, R'') */ cmd only if it is regular and closed. Two actions pi, P2 € 
ALFiJ^,^^) are parameter-equivalent if and only if the cohomology class [tOp^] 
is contained in Im(tpj)». 

As a corollary, we obtain a generalization of Theorem 13.11 

Theorem 5.10 (Matsumoto and Mitsumatsu [38], see also [45]). Let p he a 

locally free W -action on a closed manifold and T be its orbit foliation. Then p 
is parameter-rigid if and only if H^{J-) ~ R'". 

For example, Diophantine linear actions on (Theorem |4?7|) and the Weyl 
chamber flow (Theorem I4.10p are parameter rigid. Miceczkowski's action on 
Mr — T\SL{2, C) is also parameter rigid when H^{M-p) is trivial. 

What happens for Mieczkovski's example when H^{Mr) is non-trivial? The 
following theorem asserts the existence of locally complete and locally transverse 
parameter deformation parametrized by an open subset of H^{My). 

Theorem 5.11. Let J- be a foliation on a closed manifold M and p be an 
action in Alf{J',M^)- Suppose that Imd'jr is closed and there exists a finite 
dimensional subspace H o/Kerdjr such that Kei djr — Im(ijr©Imtp©_ff. Then, 
there exists an open neighborhood A o/ in H ®W and a locally complete and 
locally transverse parameter deformation {pp)i_ieA G A{J-,W;A) of p. 

Proof. Let tUp be the canonical 1-form of p and A be the set of 1-forms p G 
H such that uip -\- p is a. regular 1-form. For each /i € A, there exists the 
unique action pp e Alf{J^,'^^) whose canonical 1-form is Wp -\- p. The set A is 
an open neighborhood of and the family is a parameter deformation of p 
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Let us prove the locally completeness of the deformation. Let tth ■ Ker djr^H 
be the projection associated with the splitting Kerdjr = Imdjr ® Imtp ® H. It 
induces a projection tt^^ : Kerd^ (g) Rp^H Rp. It is continuous and the set 

U = {p'e ^LF(J-,Mf) I TT%P{u;p, - ujp) e A} 

is an open subset of ALpiJ^, li^)- For p' with 'K^'\iOpi) = p, the cohomology 
class [u}pi — (ujp + p)] is contained in Im(tp)*. By Theorcm lS.lll p' is parameter- 
equivalent to Therefore, (/Op)pgA is a locally complete deformation. 

Next, we show the local transversality. If a family (pp)pgA is sufficiently close 
to the original family {pfj.)p,eA, then {Tr^''{ujpi ) \ p £ A} is a neighborhood of 
in H (E) W. Hence, [ujp' — ujp] G Ini(tp)* for some p^. e A. By Theorem 
15.111 again, p'^^ is parameter-equivalent to p. Therefore, {pp,)fj.eA is a locally 
transverse deformation. □ 



5.3 Parameter rigidity of some non-abelian actions 

As we saw in the previous subsection, the equations in Propositions 15.3] and 15 .41 
are linear equations for RP-actions. For general case, the equations are non- 
linear and it is unclear whether an action p is parameter rigid or not even if 
we know H^{J-) = Im(ip)» for the orbit foliation J-". However, we can reduce 
the parameter rigidity to the triviality of H^{F) for several actions of solvable 
groups. 

The first example is an action of three-dimensional Heisenberg group 



H = { \ Q 1 X2\ a;i,a;2,a;3 e 




We denote the Lie algebra of by (). 

Theorem 5.12 (dos Santos |46| ) . Let J- he a foliation on a closed manifold M . 
If H^{J-) ~ H^{q), then actions in Alf{^ ,H) parameter rigid. 

In |46| . dos Santos also proved the theorem for higher-dimensional Heisen- 
berg groups and constructed examples which satisfy the assumption of the theo- 
rem. Recently, Maruhashi [3S] generalized dos Santos' results to general simply 
connected nilpotent Lie groups. 

Proof. Let 

/O 1 0> 
a = 
\0 Oy 

be a basis of f) and Q;i,a2,a3 be its dual basis. Fix po e Alf{M.,H) and put 
"Hi = '•po('^i) for each i. Since 





21 



we have the equations 

djrrji = djrr]2 = 0, djr-qs = 7^3 A 771. 

In particular, Im(tpo)» ~ H^{t)) is generated by [771] and [772]. For uj — J2^=i '^i® 
£,i E ^^{J') ^ f), the equation djruj + [oj, = is equivalent to 

djriUl — djrU!2 ~ djrU!^ + CJl A 0^2 = 0. (6) 

Fix p e Alf{J';H). Let ujp — J2'i=i^i ® be the canonical l-forni of 
p. First, we will make uji and L02 into forms of Im Lp^ by the tranformation 
of canonical 1-forms described in Porposition 15.41 Since dj^wi = dj^uj2 = 
by Equation ([6]) and H^{J-) = Im(ipQ)* by assumption, there exists 61,62 G 
C°°(A'/, R) and (cy)ij=i,2 £ K-"* such that cui — ca?7i + Ci2il2 + djrhi for each i. 
Put 

/I 61 (x) 
h{x) = 1 b2{x) 
\0 1 

By a direct calculation, we can show that the form uj' ~ j=i 2 "-y^j + 
(g) ^3 satisfies 

b-^uj'h + b-^drh = ujp (7) 

for a suitable choice of G (8) f). 

Next, we will make into into a 1-form in Im tp„ . Since w' satisfies Equation 

®, 

djFWg = (C11C22 - Cl2C2l)w2 A = (C11C22 - C12C21) • djri-j^. 

Hence, lo'^ — (C11C22 — ci2C2i)?73 is a closed form. By assumption again, there 
exists c'l, C2 e M and 63 e C°°(M, E) such that 

^3 = c'lTji + 4772 + (C11C22 - ci2C2i)r73 + djrb'^. 

Put 

/I 6:3(2;) 
6(x) =01 
\0 1 

and 

2 

w" = ^ Cy-ry-,- (8)^1 + [4 771 + 4772 + (C11C22 - ci2C2i)?73] (X" 6- 

ij = l 

Then, we have 

6-ia;"6 + 6-id^6 = a;'. (8) 

Finally, we take a endomorphism 9 of if such that 0*(^j) = cij^i + C2j'f2 + 
Cj^3 for j = 1,2. It satisfies e*(^3) = 946,6] = (C11C22 - ci2C2i)6- Hence, 

3 

e.wpo = e,(^ 77j 6) = w"- (9) 
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The equations ([7]), and © implies 



Up = {bb')-^Q,Up„{bh') + {bb'y'dAbb'). 
By Proposition 15.41 the action p is equivalent to po- CH 
The second example is an action of a two-dimensional solvable group 



GA 



e u 
1 



U,t £ 



Let A be an element of SL{2,M.) such that the eigenvalues A, A"-'^ are real and 
A > 1. Let Fa be a diffeomorphism of given by Fa{z + 1?) = Az + 7? and 
let Ma be the mapping torus 

Ma = X R/(x,s + logA) - {Fa{x),s). 

We define an action pA e Alf{Ma,GA) by 

PA {\x,s\, i)) = + ■ "^'S + 

where w is the eigenvector associated with A~^. Remark that the orbit foliation 
F of PA is diffeomorphic to the second example in Section |4?2] 

Theorem 5.13 (Matsumoto-Mitsumatsu [38] ) . The action pA is parameter 
rigid. 

Proof. The Lie algebra ga of GA has a basis 

^1 = (o o) ^2 = (o 

Let ai,a2 be the dual basis of Qa* . We put rn — Lp^^{ai). Then, [^1,^2] = £,2, 
and hence, 

djrrji = djrri2 + 771 A 772 = 0. 

In particular, we have Im(ip^)* = [771]. 

Take p € Alf{J^, GA). Let Wp^ and ujp be the canonical 1-forms of pA and p. 
Then, ujp^ = 7?i <8) + 772 (X" '?2 and = wi (8) ^1+^218^2 for some wi, W2 S fl^{J^). 
Since Wp satisfies the equation dj^LUp + [ujp,ujp] — 0, the form lui is closed. By 
Theorem 14. 8| H^{J-) = Im(tp^), = K[77i]. Hence, there exists ci e R and 
61 € C°°{AIa, GA) such that wi = ci7/i + By Proposition 14. 6[ p preserves 
a smooth volume naturally. As a (not immediate) consequence of this fact, we 
can obtain ci = 1 (see [38l p. 1863-1864] for detail). Put a;' = rii®£^i+e''^LLi2®S,2 
and 

e^i 
1 
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Then, by a direct calculation, we have b ^w'b + b ^djrb — uji(E)^i+uj2<E)(,2 = Wp- 
Take f,g e C°°(M,R) such that e^^uj2 = fvi + 9V2- Since djruj' + [uj',uj'] = 0, 
the pair (/, g) satisfies 

Xig = X2f, (10) 

where Xi = Ip^{£,i). 

Let 9 be an endomorphism of GA. Then, 0h.(^i) = and Q^,{(,2) — C2 ■ £,2 
for some C2 G R. For b' e C°°(Af, GA) of the form 



we have 



{b')-^Q4Ljp^)b' + {b'y^d^b' = ® ei + [{h + Xih)rji + {X2h - 02)^] ® 6- 
Hence, the equivalence of p and pA is reduced to the solvability of the equation 

f = h + Xih 



^X2h-C2. (^1) 

In fact, the following proposition garantees the solvalibity, and it completes the 
proof. 

Proposition 5.14 (Mitsumatsu-Matsumotmo [38j). If smooth functions f,g 
satisfies the equation I75|). then the equation has a solution (/i, C2). 

□ 

The group GA is naturally isomorphic to the subgroup of 5L(2,R) which 
consists of upper triangular matrices by the map 

e* u\ fe^ e~5u\ 

ij^U ^''^ 

Let r be a cocompact lattice of 5^(2, R) and put Mr = r\5'i(2,R). We define 
an action pr G Alf{My,GA) by prij'x^g) = T{x ■ 6(g)). It is just the second 
example in Section H31 In [35], Matsumoto and Mitsumatsu showed an analogue 
of Proposition 15 .141 for pr- 

Proposition 5.15. Let ^1,^2 the basis of Qa given in the proof of Theorem 
\5.13i Put X — /pr(Ci) 0''>T'd S = /pr(^2)- Then, if smooth functions f,g & 
C°°(Mr,M) satisfies Sg — Xf , then the equation 

(13) 

g = Sh + c. ^ ' 

has a solution {h,c) £ C°°(Mr,M) x R. 

When H^{Mr) is trivial, we have H^{jF) ~ R by Theorem l4.12l In this case, 
we can prove the parameter rigidity of pr by an argument similar to the above. 

Theorem 5.16 (c./., |38)). When H^(My) is trivial, then pr is parameter rigid. 
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5.4 A complete deformation for actions of GA 

Let r be a cocompact lattice of SL{2,R) and put Mr = r\SL{2,R). Let 
pr € ALF{Mr,GA) be the action given by pr{rx,g) = T{x ■ 0{g)), which is 
discussed about in the last paragraph of the previous subsection. It is natural 
to ask whether pr is parameter rigid or not when H^(My) is non-trivial. 

Let be the orbit foliation of pr- First, we determine the space of infinites- 
imal parameter deformations in terms of the leafwise cohomology. Recall that 
the space Alf{J^, GA) is identified with the solution of the non- linear equation 

dj^cj + [cj, cj] = 0. (14) 

in fl^ (J^) (g) ga. Two actions are parameter equivalent with trivial automorphism 
if and only if the equation 

uj2 = b-^L0ib + b-^dj^b, (15) 

admits a smooth solution b : Mr-^GA, where oji and W2 are the canonical 1- 
forms of actions. Let uiq be the canonical 1-form of pr- Put wt = wq + toj and 
bt = exp{tP) with lo € Cl^{J^) (g Qa and P € 0°(J^) (g) go. Substitute cjt and bt 
into the above equations and take the first order term with respect to t. Then, 
we obtain the linearized equations 

rf^w = 0, (14L) 
W2-W2 = d°p. (15L) 

where the hnear map dp : ri'^(J") (g ga-^Q'^^^ (J^) (g ga for A: = 1, 2 is given by 

dpW = djrw + [oj, oJo] + [u!o, u)]. 

We call the quotient space KcrdJ/Imd^ the space of infinitesimal parameter 
deformations of pr and we denote it by H^{pr,J^). 

Proposition 5.17. H^{pr,T) H^{M). 

Proof. Fix a basis 

^^ = Co^ -1/2) '^^=(o o)'^^=(i 0) 

of the Lie algebra sl{2,R) of SL{2,R). The standard right S'i(2, M)-action on 
Mr induces vector fields X,S, and U which correspond to ^x,^s and ^u- Let 
ri, a, V be the dual 1-forms of X, S and U, respectively. Then, is generated 

by 77 and cr as a C°°(Mr, M)-module. Notice that cj = ljx g" + ^5 is 
dpp-closed, then djrujx = and djrujs — —{ojx{X) + u!s{S))ri A a. 

First, we claim that uj = ujx g" + "^s ® is rfpr -exact if and only if ujx 
is rfjr-exact. For ip e C°°(Mr, M), we have d° {ip ig S,x) = (dj^v) (g - (g Cs- 
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Hence, if w is dpp -exact then ujx is dj^-exact. Suppose that ljx is djr-exact. Take 
</? G C°^(Mr,K) such that dj^ip = ujx- By replacing a; with w + rfpp(i^ <8 Cx), 
we may assume that uJx = 0. Put f7] + ga. Since w is dpp-closed, we have 

Sf = Xg. Proposition implies that there exists h e C°°(Mr,M) and c € R 
such that f = h + Xph and g = Srh — c. Hence, w — dPp^ (— c ® + ^ ^ ^5). It 
completes the proof of the claim. 

By the claim, H^{p,T) is isomorphic to 

{[lox] e (T) I rfpp (wx (E>^x+^s(^ = 0}. 

So, it is sufficient to show that for any c?jr-closed 1-forni ojx £ ^1^{J-), there 
exists LOS G ^^{^) such that uj — ujx (8 + 1^5 ® is rfp^-closed. Fix a 
Riemannian metric on Mr such that {Xr, {Sr + C/r)/2, {Sr — C/r/2)) is an or- 
thonormal framing of TMp. By Theorem \4J2[ there exists /o G C°°(Mr,IR) 
such that wx + (^j^/o extends to a harmonic 1-form with respected to the met- 
ric. Replacing lu with w -I- (ipr(/o <8> Cx), we may assume that lux is the restci- 
tion of a harmonic form ujh to TJ^. Put LOh = f'ri + ga-\- hv. Since lu^ is 
harmonic and Mr is compact (it implies C(Sr~Ur)'^x — 0), we can show the 
equations 2f — {S — U)g and 2Y f = —(5 + U)g. Then, it is easy to check that 
dpr {^x <8) + {-gv + f<y) ® Cs) = 0. □ 

One may expect the existence of a complete deformation whose parameter 
space of an open subset of H^{M) ~ {pr , J-) ■ It is done by the author of this 
note. 

Theorem 5.18 (Asaoka, in preparation). There exists an open subset Ar of 
H^(Mr) containing and a parameter deformation (/Op)pgA G A{Mr,GA;Ar) 
of pr such that 

1. if Pf_i is equivalent to pi, then p ^ v, and 

2. any p G Alf{J', GA) is equivalent to p^ for some p G Ap. 

Corollary 5.19 (Asaoka 3 ). When H^{My) is non-trivial, then pr is not 
parameter rigid. 

Construction of the deformation (pp)^tgAr is essentially done in |3j. Remark 
that the proof does not use the computation of H^{pr,J-). It heavily depends 
on the ergodic theory of hyperbolic dynamics, especially on the existence of 
the Margulis measure, and the deformation theory of low dimensional Anosov 
systems. To obtain the smoothness of the family, we also use the smooth de- 
pendence of the Margulis measure, in some sense, with repect to the parameter. 

It is natural to expect the corresponding result holds for SL{2, C). However, 
the corresponding action for SL{2, C) is locally parameter rigid. 

Theorem 5.20 (Asaoka [4]). Let T be a cocompact lattice of SL{2, C) and GAc 
be the subgroup of SL{2,<C) which consists of upper triangular matrices. Then, 
the standard GAc action on T\SL(2,C) is locally parameter rigid. 
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6 Deformation of orbits 



In this section, we discuss about deformations which may not preserve the orbit 
fohation. The equations we need to solve are non-hnear even for M^-actions, as 
we investigated the deformation of hnear flows on tori in Section [31 The main 
techniques to describe such deformations are the linearization and the Nash- 
Moser type theorems. The former reduces the problem to the computation 
of the bundle-valued leafwise cohomology. The latter allows us to construct 
solutions of the original non-linear problem from the linear one. 

6.1 Infinitesimal deformation of foliations 

To know deformations of a given locally free actions, it is natural to investigate 
deformations of the orbit foliation. In this subsection, we describe the space of 
infinitesimal deformations of a foliation in terms of the leafwise cohomology. 

Let be a foliation on a manifold M. To simplify, we assume that T 
admits a complementary foliation J^^, i.e., it is transverse to and satisfies 
dim J" + dim J"^ = dim M. The normal bundle TM/TF of TF can be naturally 
identified with the tangent bundle TF^ ofF^ . By tt-*-, we denote the projection 
from TM = TF®TF^ to TF^. Let n^{F] TF^) be the space of rj"^-valued 
leafwise fc-forms. We define the differential d% : n''{F;TF^)^n''+'^{F;TF^) 

by 

0<i<k 

0<i<j<k 

It satisfies d'^/^od'^ = 0. We denote the quotient Kerd^/ Imd^T^ by H'^iF: TF^). 

Suppose that the foliation F is p-dimensional. For lo G il^{F;TF^), we 
define a p-plane field on M by 

E^{x) ^ {v + Lj{v) \ veT,F}. 

It gives a one-to-one correspondence between TJ^^-valued leafwise 1-forms and 
p-plane field transverse to TF'^ . By a direct computation on a local coordinate 
adapted to the pair {F,F^), we obtain the following criterion for the integra- 
bility of . 

Lemma 6.1. The p-plane field E^^ generates a foliation if and only ifui satisfies 
the equation 

djrOJ + [oj, Lu] = 0. 

Fix f3 e X{F'^) = n^{F;TF-^). Let {/itjtgR be a one-parameter family of 
diffeomorphisms such that Hq is the identity map and ht preserves each orbit 
of F-^ for any t. We define a family {oJtjtGR of 1-forms in il^{F;TF^) by 
E^^ = {ht)4TF) and a vector field /3 G 17° (V; TF^) by ^{x) = {d/dt)ht{x)\t=o- 
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By a direct computation on a local coordinate adapted to the pair (J^, T'^) again, 
we have ^ 

lim —ujf = d%B. 

So, one can regard the cohomology group H^{F\ TF-^) as the space of infinites- 
imal deformation of the foliation J- . We say that a foliation infinitesimally 
rigid ii H\T;TT^) = {0}. 

Example 6.2. Let be the orbit foliation of a Diophantine linear action in 
^Lj;^(T^,RP). Since TT^ is a trivial bundle, Theorem SJ] implies 

In particular, T is not infinitesimally rigid. 

Exercise 6.3. Let be the suspension foliation associated to a hyperbolic 
automorphism on T^, which is defined in Section [4.21 Show that J^a is infinites- 
imally rigid using a Mayer- Vietoris argument as in Section [4.21 

Example 6.4 (Kononenko [32], Kanai [27]). Let Ap be the orbit foliation of 
the Weyl chamber flow, which is defined in Section If p > 2, then Ap is 
infinitesimally rigid. 

6.2 Hamilton's criterion for local rigidity 

Let J" be a foliation on a closed manifold M and J--^ be its complementary 
foliation. We say that J- is locally rigid if any foliation J-' sufficiently close to 
jF is diffeomorphic to J-. 

Using Hamilton's implicit function theorem for non-linear exact sequence [241 
Section 2.6], one obtain the following criterion for local rigidity of a foliation. 

Theorem 6.5 (Hamilton [25|). Suppose that there exist continuous linear op- 
erators 5^ : n^+'^[T;TT^)^VL^{jF;TT^) for k= 1,2, an integer r>l, and a 
sequence {Cs}s>i of positive real numbers such that 

1. d"jr O 6" + O d]r = Id, 

2. < and\\5^a\\s < C ,\\a\\ s+r for any s > 1, w G ^l\F;TF^), 
and <j € Vi^[J^-TT^), where \\-\\s is the C'-norm on ^'=(7"; TJ"^). 

Then, J- is locally rigid. 

Moreover, we can choose the diffeomorphism h in the definition of locally 
rigidity so that it is close to the identity map. 

Theorem 6.6 (El Kacimi Alaoui and Nicolau fTF). Let Ta be the suspension 
foliation related to a hyperbolic toral automorphism, which is given in Section 
\4-2\ Then, J- a satisfies Hamilton's criterion above. In particular, it is locally 
rigid. 

With the parameter rigidity of the action pA fTheorem l5.13p . we obtain 
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Corollary 6.7 (Matsumoto and Mitsumatsu [SS])- The action pA is locally 
rigid. 

In [S] and [38l , they also proved the corresponding results for higher dimen- 
sional hyperbolic toral automorphisms. 

It is unknown whether the orbit foliation of the Weyl chamber flow satisfies 
Hamilton's criterion or not. However, Katok and Spatzier proved the rigidity 
of the orbit foliation by another method. 

Theorem 6.8 (Katok and Spatzier [SU])- The orbit foliation Ap of the Weyl 
chamber flow is locally rigid if p > 2. 

With the parameter rigidity of the Weyl chamber flow (Theorem I4.10p we 
obtain 

Corollary 6.9. The Weyl chamber flow is locally rigid if p > 2. 

6.3 Existence of locally transverse deformations 

Although deformation theory is well-developed for transversely holomorphic fo- 
hations, ([TTl [T^l [121 113 HSl HH HO]): there is no general deformation theory for 
smooth foliations with non-trivial inifinitesimal deformation so far since we can 
not apply Hamilton's criterion in this case. However, there are several actions 
for which we can find a locally transverse deformation. One example is a Dio- 
phantine linear flow, which we discussed in Section |3l In this subsection, we 
give two more examples. 

The first example is a codimension-one Diophantine linear action. By 0150(5*^), 
we denote the set of orientation-preserving diffeomorphisms of S^. Let be a 
codimension-one foliation on T''+^ which is transverse to x {s} for any s. 
For each i — I,-- - ,p, we can define a holonomy map fi G Diffo(>5'^) of 
along the i-th coordinate. The family (/i, • • • , fp) is pairwise commuting. On 
the other hand, when a pairwise commuting family (/i, • • • , fp) in 0150(5*^) is 
given, then the suspension construction gives a codimension-one foliation on J^, 
which is transverse to x {s} for any s G S^. Two foliations are diffeomor- 
phic to each other if the corresponding families (/i,--- , fp) and {gi,--- ,gp) 
are conjugate, i.e., there exists h e 0150(5"^) such that gi o h = h o fi for any 
i = 1, • • ■ ,p. So, the local rigidity problem of J- is reduced to the problem on a 
pairwise commuting family (/i, • • • , fp). 

For / G 0150(6"^), the rotation number T{f) G is defined by 



where / : M— is a lift of /. It is known that the map r : Diffo(S'^)^S'^ is 
continuous (see e.g., [28l Proposition 11.1.6]). For 9 G 5^, let rg be the rotation 
defined by re{x) = x + 9. 




29 



Theorem 6.10 (Moser [40] ) . Let (/i, • ' ' i fp) ^6 o, pairwise commuting family 
in Diffo(S'^). Suppose that there exists r > such that 

inf f max ||to • r(/i)|| ) Imf > 0, (16) 

?rieZ\{0} - :P J 

where \\m ■ T{fi)\\ — \ exp(2TrmT{fi)\/—l) — 1|. Then, there exists h G Diffo(S'"'") 
such that fioh — ho r^(^f.-j for any i = 1, - ■ ■ ,p. 

As a consequence of the theorem, we can show the existence of locally trans- 
verse deformation of codimension-one Diophantine linear action. 

Theorem 6.11. Let p be the linear action ofM^ on T^+i determined by linearly 
independent vectors t^i, • • • , tip € MP^^ . Take w G R^^"'^ so that Vi, ■ ■ ■ ,Vp,w is a 
basis o/RP+i and we define a C°° family of actions ips)seRp G AlfO^^^^ Kp) 
by 

p 

pI{x) = X + ti {Vi + StW), 
i=l 

for X G M, t = (ti, • • • ,tp),s = (si, • • • , Sp) G MP. If the linear action po is 
Diophantine, then {ps)seMp is locally transverse at s = 0. 

Exercise 6.12. Prove the theorem. One way to do it may be a modification 
of the proof of Theorem 13.91 One can prove the local transversality of the 
orbit foliation by the continuity of the rotation number and Moser's theorem, in 
stead of Herman's theorem. The local transversality of action will follow from 
the parameter rigidity of a Diophantine linear actions. 

The second example is a R^-action on r\S'L(2, R) x SL{2, M.) by commuting 
parabolic elements. Put 

Remark that Uq = u*. 

Let r be an irreducible cocompact lattice of SL{2,M.) x SL{2,M) and put 
A/r = T\{SL{2,R) x SL{2,m)). For (^, A) G R^ we define an action p^,A G 
Alf (Mr, R^)hy 

P,,.\(r{x, y), (s, t j) = rixu"^, yu{). 
Let J- be the orbit foliation of po,o- 

Theorem 6.13 (Mieczkowski H^{J^) ~ R-^. In particular, the action po,o 

is parameter rigid. 

One may wish to prove the local transversality of the deformation (P/j,A)(/i,i/)gB2 
of po.o like Diophantine linear actions. Unfortunately, we can not apply the tech- 
niques for Diophantine linear actions because of the non-linearity of the space 
51/(2, R). Damjanovic and Katok developed a new Nash-Moser-type scheme 
and they obtained the local transversality. 



30 



Theorem 6.14 (Danjanovic and Katok [TO])' The deformation (p^,A)(Ai,A)eR2 
of Po,o is locally transverse. 

In [22] and [TU] , they also show the parameter rigidity and the existence of a 
transverse deformation for another actions, which generahze the above results. 



6.4 Transverse geometric structures 

In this subsection, we sketch another method to describe deformations of the 
orbit foliation which is not locally rigid. 

Fix a torsion-free cocompact lattice T of PS'i(2,R) = S'L(2, R)/{±/}. It 
acts on the hyperbolic plane naturally and S = T\E? is a closed surface of 
genus g > 2. Let T(S) be the Teichmiiller space of E (see e.g. Chapter 
4] for the definition and basic properties). It can be realized as a set of ho- 
momorphisms fi from T to PSL{2,M.) whose image is a cocompact lattice. 
It is known that T(S) has a natural structure of {6g — 6)-dimensional smooth 
manifold. 

Let P be the subgroup of PSL{2,M.) which consists of upper triangular 
matrices. For each fi in T(E), we define an action e Alf tA^' S L{2 , M), P) 
by Pf^{Tf^x,p) = T f^{x ■ p) . The action is the essentially same one as in Sections 
15.31 and 15.41 Let J^i be the orbit foliation of p^. To simplify notation, we put 
pr = pidr and J"r = -^Wr ■ 

It is well-known that the foliation Jr is not locally rigid. In fact, M^^ is 
diffcomorphic to A/^j for any pi,p2 G However, T^-^ is diffcomorphic to 

7^^2 if and only if F^^ is conjugate to F^^ as a subgroup of PSL{2,M.). Hence, 
the family {-7>}^eT(S) gives a non-trivial deformation of J-^. Ghys proved that 
this is the only possible one. 

Theorem 6.15 (Ghys [22j). Any two-dimensional foliation on Mr sufficiently 
close to Ft is diffcomorphic to J-"^ for some p £ T(S). 

He also proved the global rigidity. 

Theorem 6.16 (Ghys |23|). // a two-dimensional foliation J- on Mr has no 

closed leaves, then J- is diffcomorphic to J-"^ for some p e 7~(S). 

The orbit foliation of a locally free P-action has no closed leaf. Hence, we 
obtain 

Corollary 6.17. For any p € ALpiMr, P), there exists p G T(S) such that 
the orbit foliation of p is diffcomorphic to . 

The basic idea of the proof is to find a transverse projective structure of the 
foliation. Once it is shown, it is not so hard to show that F is diffcomorphic to 
Ffi for some p. Ghys constructed the transverse projective structure by using 
the theory of hyperbolic dynamical systems. Kononenko and Yue |33| gave 
an alternative proof of Theorem 16. Ian . They used the vanishing of a twisted 



They proved the conjugacy of foliations. However, we can recover the C°° conjugacy 
from their result with the regularity theorem of conjugacies between Anosov flows by de la 



Llave and Moriyon |34| . 
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cohomology of the lattice F, which is closely related to the leafwise cohomology 
of J-'r valued in the symmetric two-forms on the normal bundle of TJ^. So, 
it may possible to reduce Theorem 16.151 to the vanishing of the bundle- valued 
leafwise cohomology. 

Modifying the construction of a complete parameter deformation of pr (The- 
orem [^^201)1 we obtain a complete deformation of pr- 

Theorem 6.18 (Asaoka, in preparation). There exists an open subset A of 
T(S) X H^{Mr) and a C°° family (p^)^gA G ALFiMr,P) such that any p G 
'A.LpiMr, P) is conjugate to for some /i e A. 
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